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Abstract
The Dirac eigenvalues form a subset of observables of the Euclidean gravity. The symplectic two-form in the covariant phase
space could be expressed, in principle, in terms of the Dirac eigenvalues. We discuss the existence of the formal solution of the
equations defining the components of the symplectic form in this framework.
One of the major obstacles in quantizing the grav-
ity is finding a complete set of observables of it. Re-
cently, a certain progress has been made in defining
and manipulating covariant observables in various the-
ories of gravity [1–4]. Previous works showed that the
Dirac eigenvalues can be considered as observables of
gravity, too, on manifolds endowed with an Euclid-
ean structure [5–7]. The result was generalized to in-
clude the local N = 1 supersymmetry in [8–11] and
it was shown to be connected to spectral geometry
in [12]. However, in order to completely understand
the covariant phase space of the Euclidean gravity in
terms of the Dirac eigenvalues, one has to know what
is the form of the symplectic two-form in terms of the
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observables. The aim of this Letter is to discuss the
existence of a formal solution of this problem.
Let us begin by considering a four-dimensional
compact manifold M without boundary endowed with
an Euclidean metric field gµν . One introduces a tetrad
field which maps the metric at each point x ∈ M
to the local Euclidean metric in the tangent space:
gµν(x)=EIµ(x)EJν (x)δIJ . The covariant phase space
of the theory is given by non-equivalent solutions
of the Einstein equations on M modulo the “gauge
transformations”, i.e., transformations generated by
local SO(4) times diffeomorphisms. The functions of
the phase space are observables of the theory. Consider
now the Dirac equation
(1)D|ψn〉 = λn|ψn〉,
where |ψn〉 is a spinor field (in the Dirac’s bracket
notation) and n is a positive integer (for simplicity,
we assume that the Dirac operator D has no zero
PII: S0370-2693(02)0 28 17 -4
 2002 Published by Elsevier Science B.V. Open access under CC BY license.
0370-2693/02  2002 Published by Elsevier Science B.V. Open access under CC BY license.
M.C.B. Abdalla et al. / Physics Letters B 548 (2002) 88–91 89
eigenvalue). The eigenvalues λn define a discrete
family of real valued functions on the space of smooth
tetrads E and a function from E into the space of
infinite sequences R∞
(2)λn :E −→ R, E→ λn[E],
(3)λn :E −→ R∞, E→
{
λn[E]
}
.
For every n, λn[E] is invariant under the gauge group
action on the tetrads [5]. In general, λn do not form a
set of coordinates neither on the space of gauge orbits
nor on the phase space [5].
In order to analyze the phase space further, one has
to define the Poisson structure on the set of the eigen-
values. This can be achieved by constructing firstly the
symplectic two-form of general relativity [13]
(4)Ω(X,Y )= 1
4
∫
Σ
d3σ nρ
[
Xaµ,
↔∇τ Y bν
]
τabυ
υρµν,
where Xaµ[E] define a vector field on the phase space
and the brackets are given by
(5)[Xaµ,↔∇τ Y bν ]=Xaµ∇τ Y bν − Y aµ∇τXbν .
Here, Σ is an arbitrary Arnowitt–Deser–Misner sur-
face an nρ is its normal one-form. The two-form Ω is
invertible only on the space of gauge fixed fields since
it is degenerate on the space of the solutions of the Ein-
stein equations. The coefficients of Ω are given by the
following relation
Ω
µν
IJ (x, y)=
∫
Σ
d3σ nρ
[
δ
(
x, x(σ )
)∇ τ δ(y, x(σ ))]
(6)× τ IJυυρµν.
As was already noted in [6], the symplectic two-form
(4) can be written in terms of the Dirac eigenvalues
if the map (3) is locally invertible on the phase
space. Then, the coefficients Ωmn of Ω defined by the
following relation
(7)Ω =Ωmn dλn ∧ dλm,
can be expressed in terms of (6) as follows
(8)ΩmnTnµI (x)TmνJ (y)=ΩµνIJ (x, y),
where
(9)TnµI (x)=
δλn[E]
δEIµ(x)
.
In order to have a complete description of the phase
space of the theory in terms of the Dirac eigenvalues,
one has to express the coefficients Ωmn in terms
of ΩµνIJ (x, y), that is to invert (9). To this end, we
introduce the following objects which are well-defined
since the map (3) is invertible (a necessary condition
for the existence of Ωmn)
(10)UnIµ(x)=
δEIµ(x)
δλn
.
A simple algebra shows that the following two rela-
tions hold
(11)UnIµ(x)TnµI (y)= δµν δIJ δ(4)(x − y),
(12)UnIµ(x)TnµI (x)= δmn.
Note that the coefficients Ωmn do not depend explic-
itly on the point x of M . Moreover, since the eigenval-
ues λn of D are defined globally on M , Ωmn has the
same property. Therefore, in order to eliminate the de-
pendence on the points x and y , one has to integrate
twice over M when inverting (8). Then, using (10)
and (12) one can obtain from (8) the following rela-
tion
(13)
Ωmn = 1
V 2M
∫
M
Dx
∫
M
DyΩ
µν
IJ (x, y)Un
I
µ(x)Um
I
ν(y),
whereDx = d4x√g and VM is the four-volume of M .
Note that in order to obtain the relation (8) from (13)
one has either to rescale the relation (12) by a factor of
VM in the r.h.s. or to rescale the delta-function integral
on M . In what follows, we are going to use the relation
(14)
∫
M
Dx f (x)δ(4)(x − y)= VMf (y).
A formal solution of (13) can be given once
Un
I
µ(x)’s are known. To calculate them, we use the
Dirac equation (1). Assume that the Dirac eigen-
spinors satisfy the global orthogonality and closure re-
lations
(15)〈ψn|ψm〉 = δnm,
(16)
∑
n
|ψn〉〈ψn| = I,
where the scalar product in the Hilbert space of the
vector fields on M is defined as
(17)〈ψ|φ〉 =
∫
M
Dx
〈
ψ(x)
∣∣φ(x)〉.
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Here, 〈ψ(x)|φ(x)〉 is the scalar product in the local
spinor fiber Sx(M) over x . The local spinor sections
{|ψn(x)〉} are induced by the fields {|ψn〉}. We assume
further that the global fields are defined by integral of
local spinors
(18)|ψm〉 =
∫
M
Dx
∣∣ψm(x)〉.
Then, the bilocal scalar product and the local closure
relations are given by the following relations
(19)〈ψn(x)∣∣ψm(y)〉= V −1M δnmδ(4)(x − y),
(20)
∑
n
∣∣ψn(x)〉〈ψn(x)∣∣= V−1M I.
The local orthogonality and closure relations must be
defined in order to deal with the local terms in the
relation (13).
The next step is to project Ωmn onto the basis
formed by the eigenspinors of D. Since the coeffi-
cients of the symplectic form in the basis formed by
λn are globally defined on M , the projection should
be performed onto the basis {|ψn〉} rather than onto
{|ψn(x)〉}. By using the relations (15), (16), (18), (19)
and (20), one can easily show that the components of
Ωmn are given by
(21)
[Ωmn]st = V 2M
∫
Dx
∑
r,k
[
Ω
µν
IJ (x, x)
]
sr
[
Un
I
µ(x)
]
rk
× [Umjν(x)]kt ,
where we are using the following shorthand notations
[Ωmn]st = 〈ψs |[Ωmn]|ψt 〉,
(22)[ΩµνIJ (x, y)]sr = 〈ψs(x)
∣∣[ΩµνIJ (x, y)]∣∣ψr(y)〉,
(23)[UnIµ(x)]rk = 〈ψr(x)
∣∣[UnIµ(x)]∣∣ψk(x)〉.
Given the manifold M , one could calculate, in princi-
ple, the matrix elements of [ΩµνIJ (x, x)] after comput-
ing the spectrum of the Dirac operator. What is left are
the matrix entries from (23). To obtain them we derive
the local Dirac equation with respect to the eigenvalue
λm. The resulting relation has the following form
(24)V 2M
∑
k
[
Um
I
µ(x)
]
rk
[
D
µ
I (x)
]
kn
= δmnδrn,
for all m,r and n. Here, the sum is over k only and
(25)[DµI (x)]kn = 〈ψk(x)
∣∣[DµI (x)]∣∣ψn(x)〉.
These terms are determined by the eigenspinors of D
and by noting that
D
µ
I (x)
(26)
= iγ J
{
−EνI (x)EµJ (x)
(
∂ν +ωνKL(x)σKL
)
− 1
2
EνJ (x)
×
[
E
ρ
I (x)E
µ
K(x)
(
∂νEρL(x)− ∂ρEνL(x)
)
+ δLI ∂σ
(
E
µ
K(x)δ
σ
ν −EσK(x)δµν
)
+ (δMI δµν EτK(x)EσL(x)
−EτI (x)EµK(x)EσL(x)EMν (x)
−EτK(x)EσI (x)EµL(x)EMν (x)
)
× ∂σEτM(x)
− ∂ρ
(
E
µ
K(x)E
ρ
L(x)EνI (x)
)
− (K↔ L)
]
σKL
}
,
where ωµIJ (x) are the components of the spin-
connection in the spin bundle S(M) overM , γ I are the
tangent-space Dirac matrices and σ IJ = 14 [γ I , γ J ]. In
principle, one can compute the matrix elements of (26)
if the vielbein is fixed and the eigenspinors of D are
known. Therefore, one has to solve the system (24) in
order to find [Ωmn]st .
In general, the Dirac operator may have an infi-
nite set of eigenspinors on M , which makes the sys-
tem (24) infinite, too. A necessary and sufficient con-
dition for the determinant det[DµI (x)]kn be absolutely
convergent [14] is that the product ∏k |[DµI (x)]kk|
converges absolutely and there is a non-negative in-
teger number p such that
(27)
∑
k
[∑
l
∣∣[DµI (x)]kl
∣∣p]
1
p−1
, k = l,
be convergent, too. Let us assume that this is the case.
By examining Eq. (24) we observe that there are two
possibilities: (i) m= n and (ii) m = n, respectively. In
the first case, one can construct an inverse of the matrix
[DµI (x)]kn from the set of matrices V 2M [UmIµ(x)] only
if the determinant of the latter is different from zero.
This fact allows us to write some of the elements of
V 2M [UmIµ(x)] as
(28)[UnIµ(x)]kn = V −2M [DµI (x)]−1kn ,
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where [DµI (x)]−1kn represent the elements of the inverse
of [DµI (x)]kn. These elements exist if the comple-
ment of each element of [DµI (x)] converges. The rela-
tion (28) holds only for certain matrix elements from
the full set of elements of all matrices V 2M [UmIµ(x)].
However, this solution is not unique since one can con-
struct different matrices proportional to the inverse of
[DµI (x)]kn by taking different elements from the set of
all matrix elements of all matrices V 2M [UmIµ(x)]. The
rest of elements can be grouped into matrices which
are not proportional to the inverse of [DµI (x)]−1kn . The
entries V 2M [UmIµ(x)]kl of these matrices do not satisfy
the relation (24) since the product of the matrices with
[DµI (x)]kn is zero. Consequently, the determinant of
the latter should be simultaneously different from zero
in order to have an inverse and equal to zero in order to
determine the elements of the other matrices. There-
fore, the terms V 2M [UmIµ(x)]kl that can be calculated
depend on the value of the determinant of [DµI (x)]kn.
The best control on them is when the determinant is
different from zero. In this case, the second possibility
m = n is also discarded because the existence of so-
lutions of (24) under this hypothesis implies that the
determinant of [DµI (x)]kn converges to zero.
To conclude, one can formally solve Eq. (8) as in
(13). If the determinant of [DµI (x)]kn is different zero,
the terms [UmIµ(x)]kl from (13) can be determined up
to some freedom in picking them up from the set of
all coefficients of all matrices {[UmIµ(x)]}. It is not
clear if this undeterminacy is related in some way to
the fact that we are dealing with the set of smooth
vielbeins instead of the gauge fixed ones. However,
one way of removing the undeterminacy is to fix
some of the terms to zero. The rest of them are given
by Eq. (28) and they are proportional (up to an V 2M
term) to the elements of the inverse matrix [DµI (x)]−1kn .
These are the only terms that can be determined. When
the determinant of [DµI (x)]kn converges to zero, the
existence of the matrix [UmIµ(x)] is guaranteed, but
its elements are undetermined. For a complete control
over the symplectic two-form in the parametrization in
terms of the Dirac eigenvalues, more relations beside
the Dirac equation should be imposed on the theory.
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